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1. (a) LetA{ : nEN} andB{ : nGN}.
n n
Thena <0< bforallae Aandbe B, but supA =inf B =0.
Therefore, the statement is false.

(b) Let A, = [-(n+1),—n] for n € N.

A, is bounded below, but A = U A, = (=00, —1], which is not bounded below.
n=1
Therefore, the statement is false.

(c) A is nonempty, so there exists at least one element a in the set A.
By definition, sup A and inf A are upper bound and lower bound of A respectively.
Therefore, inf A < a < sup A.

2. (a) Let z € A.

Then, x € (0,z,,) for some n € N.

Therefore, 0 < z < z,, < 1, which means A is bounded above by 1 and bounded below by 0.

(b) e Let e>0.
. € I
Take z = {777}.
ake 2 = min | 5 %
Notethat0<x§?1<x,soxe(0,x1)CA.
Also, 0 <2 < § <€, s0infA=0.

e Since x, < 1 for all n € N, {x,, : n € N} is bounded above and sup{x, : n € N} exists.

Let u = sup{z,, : n € N}.
Let z € A, then x € (0, x,) for some n € N.
Therefore, © < x,, < u, which means u is an upper bound of A.

Let € > 0, then exists ng € N such that v — € < z,, < u.

Tp, +U— € Ty
Take z = max{ —>—— 20 &,
T x U—€ T
Note that z > =22 > 0 and %, ;0 < &y, which implies z < p,.

Therefore, € (0, Zp,).
Also, we have
Tp, tU—€
u—e<m}f§z<xn0§u

Therefore, sup A = u.

3. e Case1l: x>0
V3

y—x

Then y > = > 0 and > 0.




By Archimedean property, there exists n € N such that

n > \/3
y—x
n
—(y—z) > 1
\/g(y )
" > 1+ "
— —
V3’ V3
By the refined Archimedean property, since %x > 0, there exists m € N such that
1< i <
m — —xz<m
=
<1+ n < i
m —r < —
Therefore, —=2 < m < —=y and h
erefore, —x < m < —y and hence
V3 V3!
3
T < M <y.
n
Case 2: £ <0
—z < 0, then —:E+\/§>Oandso—i+l>0.

V3

By Archimedean property, there exists N € N such that

T

N > ———+1
V3
t4+(N-1)V3 > 0
By using case 1, there exist p, ¢ € N such that
y+ (N +1)V3 > g\/§>x+(N—l)\/§
and so
y>E - N+1)V3E) >
q
Since b_ N +1 € Q, there exist m, n € Z such that m_P_ N + 1. Then, we have
q n q

mv3
Tl — <y.
n

If I,, is a sequence of closed and bounded intervals which is nested, i.e.
I,y C I, for all n € N,

then there exists p € R such that p € I,, for all n € N.

(i) Note that I,,, is a subsequence of I,,, so I, is a sequence of closed and bounded intervals.

Also n, < ny41, so

Iy, Cly 1 Cly  2C- - Cly,

which implies that I, is a nested sequence.
(ii) Note that n, > r for all r € N, so I, C I,,.

Suppose that &1, for all r € N.

Let j € N, then n; > j and so § € I,; C Ij.

Therefore, £ € I; for all j € N.



